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UNCERTAINTY PRINCIPLES FOR THE CONTINUOUS GABOR
QUATERNION LINEAR CANONICAL TRANSFORM
MOHAMMED EL KASSIMI AND SAÏD FAHLAOUI
Abstract. Gabor transform is one of the performed tools for time-frequency signal analysis.
The principal aim of this paper is to generalize the Gabor Fourier transform to the quaternion
linear canonical transform. Actually, this transform gives us more flexibility to studied non-
stationary and local signals associated with the quaternion linear canonical transform. Some
useful properties are derived, such as Plancherel and inversion formulas. And we prove some
uncertainty principles: those including Heisenberg’s, Lieb’s and logarithmic inequalities. We
finish by analogs of concentration and Benedick’s type theorems.
Mathematics Subject Classification: 42C30, 43A30, 94A12.
keywords: Gabor transform, Quaternion algebra, linear canonical transform, Heisenberg
inequality, Lieb inequality, Logarithmic inequality, Benedick theorem.
Introduction
The linear canonical transform (LCT) was first introduced in 1970 [21, 4], many transforms
are the special cases of LCT, such as the classical Fourier transform, the Lorentz transform
and the Fresnel transform. Due to this generalization, the LCT has recently received attention
in signal processing, optics and radar analysis[22, 23].
In [15, 16] the authors give a generalization of the LCT to the quaternionic case. The quater-
nionic linear canonical transform (QLCT) has large applications in signal processing and
pattern recognition [1, 27, 11].
However, the QLCT is insufficient to studied the local signal, and non stationary signals. To
resolve this problem, in 1940 Dennis Gabor [8] introduce the Gabor transform (GT), it is also
known as the windowed transform. The GT becomes a powerful tool in time and frequency
analysis of signal processing, it allows detection and estimation of localized time-frequency.
In addition, it used for filtering and modifying the signal in the local region.
In this paper, we are going to generalize the GT to the QLCT, we obtain the Gabor quater-
nion linear canonical Fourier transform. The paper is organized as follows, in the second
section 1, we recall the main Harmonic analysis properties for the QLCT. In section 2 we give
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the definition of the GQLCT, and we demonstrate some important results for it. In section
3, we generalize the Lieb’s and Logarithmic’s inequalities to the GQLCT. The last section
3.4 is devoted to give the Heisenberg uncertainty principle and to prove some concentration
theorem and local uncertainty principles.
1 Definition and properties of quaternion H
The quaternion algebra H is defined over R with three imaginary units i, j and k obey the
Hamilton’s multiplication rules,
ij = −ji = k, jk = −kj = i, ki = −ik = j (1.1)
i2 = j2 = k2 = ijk = −1 (1.2)
According to 1.1 H is non-commutative, one cannot directly extend various results on complex
numbers to a quaternion. For simplicity, we express a quaternion q as the sum of scalar q1,
and a pure 3D quaternion q. Every quaternion can be written explicitly as:
q = q1 + iq2 + jq3 + kq4 ∈ H, q1, q2, q3, q4 ∈ R,
The conjugate of quaternion q is obtained by changing the sign of the pure part, i.e.
q = q1 − iq2 − jq3 − kq4
The quaternion conjugation is a linear anti-involution
p = p, p+ q = p+ q, pq = qp, ∀p, q ∈ H
The modulus |q| of a quaternion q is defined as
|q| = √qq =
√
q21 + q
2
2 + q
2
3 + q
2
4 , |pq| = |p||q|.
It is straight forward to see that
|pq| = |p||q|, |q| = |q|, p, q ∈ H
In particular, when q = q1 is a real number, the module |q| reduces to the ordinary Euclidean
modulus, i.e. |q| = √q1q1. A function f : R2 → H can be expressed as
f(x, y) := f1(x, y) + if2(x, y) + jf3(x, y) + kf4(x, y),
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where (x, y) ∈ R× R.
We introduce an inner product of functions f, g defined on R2 with values in H as follows
< f, g >L2(R2,H)=
∫
R2
f(x)g(x)dx
If f = g we obtain the associated norm by
‖f‖22 =< f, f >2=
∫
R2
|f(x)|2dx
The space L2(R2,H) is then defined as
L2(R2,H) = {f |f : R2 → H, ‖f‖2 <∞}
And we define the norm of L2(R2,H) by
‖f‖2L2(R2,H) = ‖f‖22
2 The Gabor quaternion linear canonical transform
The first definition of the QLCT is given by Morais et al. [15]. They consider two real
matrixes
A1 =
 a1 b1
c1 d1
 , A1 =
 a2 b2
c2 d2
 ∈ R2×2.
with a1d1 − b1c1 = 1, a2d2 − b2c2 = 1,
In [10] E. Hitzer gives a generalization of the definitions of [15] into the case of two-sided
QLCT of signals f ∈ L1(R2,H), this generalization is defined by
Li,jA1,A2{f}(u) =

∫
R2
KiA1 (t1, u1)f (t)K
j
A2
(t2, u2) dt, b1, b2 6= 0;
√
d1e
i
c1d1
2
u12f(d1u1, t2)K
j
A2
(t2, u2) , b1 = 0, b2 6= 0;
√
d2K
i
A1
(t1, u1)f(t1, d2u2)e
j
c2d2
2
u2
2 , b1 6= 0, b2 = 0;
√
d1d2e
i
c1d1
2
u12f(d1u1, d2u2)e
j
c2d2
2
u2
2 , b1 = b2 = 0.
(2.1)
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2.1 Quaternion linear canonical transform
We recall some important harmonic analysis properties of the QLCT (see [14]).
Theorem 2.1 (Inversion formula for QLCT). Suppose f ∈ L1(R2,H), then the inversion of
two-sided QLCT of f is given by:
f(x) = {L−1A1,A2}{f}(x)
=
∫
R2
K−iA1(x1, u1)LHA1,A2{f}(u)K
−j
A2
(x2, u2)du
Theorem 2.2 (Plancherel for QLCT). Every 2D quaternion-valued signal f ∈ L2(R2,H) and
its QLCT are related to the Placherel identity in the following way
‖f‖L2(R2,H) = ‖LHA1,A2{f}‖Q,2 (2.2)
2.2 Gabor quaternion linear canonical transform
Definition 2.3. Let ϕ ∈ L2(R2,H) a fixed quaternion windowed function. For f ∈ L2(R2,H)
we define the windowed quaternion linear canonical transform by,
GϕA1,A2{f}(ω, y) =
∫
R2
KiA1(x1, ω1)f(x)ϕ(x− y)KjA2(x2, ω2)dx (2.3)
with,
KiA1(x1, ω1) =

1√
2pib1
e
i
2
((
a1
b1
)x2
1
−( 2
b1
)x1ω1+(
d1
b1
)ω2
1
−pi
2
)
, for b1 6= 0;
√
d1e
i(
c1d1
2
)ω2
1 , for b1 = 0.
K
j
A2
(x2, ω2) =

1√
2pib2
e
j
2
((
a2
b2
)x2
2
−( 2
b2
)x2ω2+(
d2
b2
)ω2
2
−pi
2
)
, for b2 6= 0;
√
d2e
j(
c2d2
2
)ω2
2 , for b2 = 0.
Without loss of generality we will deal with the case when b1b2 6= 0, and as a special case,
when A1 = A2 = (ai, bi, ci, di) = (0, 1,−1, 0), for i = 1, 2, the GQLCT definition 2.3 will lead
to the GQFT definition (see [6]).
Remark 2.4. We can see that, the relationship between the Gabor quaternion linear canonical
transform and the linear canonical transform is given by,
GϕA1,A2{f}(ω, y) = LHA1,A2{f(.)ϕ(. − y)}(ω) (2.4)
Now, we derive many properties harmonic analysis for the GQFT,
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2.3 Inversion formula
Theorem 2.5. For ϕ ∈ L2(R2,H) and f ∈ L2(R2,H), we have
f(x) =
1
‖ϕ‖L2(R2,H)
∫
R2
∫
R2
K−iA1(x1, ω1)G
ϕ
A1,A2
{f}(ω, y)K−jA2 (x2, ω2)ϕ(x− y)dωdy (2.5)
Proof. We use the relation between GϕA1,A2 and LHA1,A2 (2.4)cited in the remark 2.4 and the
inversion formula for LHA1,A2 we get
f(x)ϕ(x− y) =
∫
R2
K−iA1(x1, ω1)G
ϕ
A1,A2
{f}(ω, y)K−jA2 (x2, ω2)dω (2.6)
we multiple the both sides of (2.6) by ϕ(x− y) we get
f(x)|ϕ(x − y)|2 =
∫
R2
K−iA1(x1, ω1)G
ϕ
A1,A2
{f}(ω, y)K−jA2 (x2, ω2)dωϕ(x− y) (2.7)
integrating both sides of (2.7) by respecting dy and using Fubini’s theorem we obtain
f(x)
∫
R2
|ϕ(x − y)|2dy =
∫
R2
∫
R2
K−iA1(x1, ω1)G
ϕ
A1,A2
{f}(ω, y)K−jA2 (x2, ω2)ϕ(x− y)dωdy (2.8)
by substitution in the left hand side, we have
f(x) =
1
‖ϕ‖L2(R2,H)
∫
R2
∫
R2
K−iA1(x1, ω1)G
ϕ
A1,A2
{f}(ω, y)K−jA2 (x2, ω2)ϕ(x− y)dωdy (2.9)

2.4 Plancherel
Theorem 2.6. For f, ϕ ∈ L2(R2,H), we have the equality∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|2Qdωdy = ‖f‖2L2(R2,H)‖ϕ‖2L2(R2,H) (2.10)
Proof. We have∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|2Qdωdy =
∫
R2
∫
R2
|LHA1,A2{f(.)ϕ(. − y)}(ω)|2Qdωdy
=
∫
R2
‖LHA1,A2{f(.)ϕ(. − y)}‖Q,2dy
=
∫
R2
‖f(.)ϕ(. − y)‖2L2(R2,H)dy
=
∫
R2
∫
R2
|f(x)ϕ(x− y)|2dxdy
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by substitution x− y = u and Fubini’s theorem we get
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|2Qdωdy =
∫
R2
|f(x)|2dx
∫
R2
|ϕ(y)|2dy
= ‖f‖2L2(R2,H)‖ϕ‖2L2(R2,H)

3 Uncertainty principles
The uncertainty principles play an important role in the quantum physics, these principles
stat that, we cannot give the position and momentum of particle simultaneously with high
precision, but only in probabilistic sense with a certain uncertainty. The formulation math-
ematics of this concept is that, the nonzero function and its Fourier transform cannot both
be small. Many theorems are devoted to explain this idea, the first one is the Heisenberg
inequality [13], and also a lot of others theorems (see [12, 20]). In [3, 5, 25] the authors have
given attention to relation between the support of the function and its Fourier transform.
Our aim in this paper is to demonstrate Heisenberg’s, Logarithmic’s and Lieb’s inequalities
versions. The last subsection is devoted to prove locally uncertainty principles in the case of
WQLCT.
3.1 Heisenberg Inequality In the following theorem we prove a Heisenberg type uncer-
tainty inequality for the GQLCT
Theorem 3.1. Let s > 0. There exists a constant Cs > 0 such that, for all f, ϕ ∈ L2(R2,H).
(∫ ∫
R2×R2
|ω|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
2
(∫ ∫
R2×R2
|y|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
2 ≥
Cs‖f‖L2(R2,H)‖ϕ‖L2(R2,H) (3.1)
Proof. From the fact that |a+ b|s ≤ 2s(|a|s + |b|s), we deduce by inequality (3.19)
∫ ∫
R2×R2
|ω|2s|GϕA1,A2{f}(ω, y)|2dωdy +
∫ ∫
R2×R2
|y|2s|GϕA1,A2{f}(ω, y)|2dωdy ≥
Cs
2s
‖f‖2L2(R2,H)‖ϕ‖2L2(R2,H) (3.2)
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Now, for every positive real number t the dilates ft and ϕt belong to L
2(R2,H) and ϕt is a
nonzero function, then by the relation (3.2) we have∫ ∫
R2×R2
|ω|2s|GϕA1,A2{ft}(ω, y)|2dωdy +
∫ ∫
R2×R2
|y|2s|GϕA1,A2{ft}(ω, y)|2dωdy ≥
Cs
2s
‖ft‖2L2(R2,H)‖ϕ‖2L2(R2,H) (3.3)
hence for every positive real number t
t2s
∫ ∫
R2×R2
|ω|2s|GϕA1,A2{f}(ω, y)|2dωdy + t−2s
∫ ∫
R2×R2
|y|2s|GϕA1,A2{f}(ω, y)|2dωdy ≥
Cs
2s
‖f‖2L2(R2,H)‖ϕ‖2L2(R2,H) (3.4)
in particular case, when we take
t =
( ∫ ∫
R2×R2 |y|2s|GϕA1,A2{f}(ω, y)|2dωdy∫ ∫
R2×R2 |ω|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
4s
which implies that,
(∫ ∫
R2×R2
|ω|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
2
(∫ ∫
R2×R2
|y|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
2 ≥
Cs‖f‖L2(R2,H)‖ϕ‖L2(R2,H)

3.2 Logarithmic inequality
We start by giving some notations and definitions
Definition 3.2. A couple α = (α1, α2) of non negative integers is called a multi-index. One
denotes
|α| = α1 + α2 and α! = α1!α2!
and, for x ∈ R2
xα = xα11 x
α2
2
Derivatives are conveniently expressed by multi-indices
∂α =
∂|α|
∂xα11 ∂x
α2
2
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Next, we give the Schwartz space as ([16])
S(R2,H) = {f ∈ C∞(R2,H) : supx∈R2(1 + |x|k)|∂αf(x)| <∞},
where C∞(R2,H) is the set of smooth function from R2 to H.
First we reminder the Logarithmic uncertainty principle for QLCT (see [18]).
Theorem 3.3. Let f ∈ L2(R2,H) and LHA1,A2{f} ∈ L2(R2,H) be the QLCT of f . Then,∫
R2
ln|x||f(x)|2dx+
∫
R2
ln|ω||LHA1,A2{f}(ω)|2dω ≥ (D + ln|b|)
∫
R2
|f(x)|2dx (3.5)
D = ψ(12 )− lnpi ψ(t) = ddt ln(Γ(t)) where Γ is the Gamma function.
before to give the Logarithmic’s theorem for the GQLCT, we need the following results,
Lemma 3.4. Let ϕ ∈ S(R2,H) a windowed quaternionic function and f ∈ S(R2,H).
We have∫
R2
∫
R2
ln|x||LHA1,A2
−1{GϕA1,A2{f}(ω, y)}(x)|2dxdy = ‖ϕ‖2L2(R2,H)
∫
R2
ln|x||f(x)|2dx (3.6)
Proof. We have∫
R2
∫
R2
ln|x||LHA1,A2
−1{GϕA1,A2{f}(ω, y)}(x)|2dxdy =
∫
R2
∫
R2
ln|x||f(x)ϕ(x − y)|2dxdy
=
∫
R2
∫
R2
ln|x||f(x)|2|ϕ(x − y)|2dxdy
=
∫
R2
ln|x||f(x)|2
(∫
R2
|ϕ(x− y)|2dy
)
dx
= ‖ϕ‖2L2(R2,H)
∫
R2
ln|x||f(x)|2dx

Corollary 3.5. For ϕ ∈ S(R2,H) a windowed quaternionic function and f ∈ S(R2,H), we
have∫
R2
|LHA1,A2
−1LHA1,A2{f}(x)|2dx+
∫
R2
ln|ω||LHA1,A2{f}(ω)|2dω ≥ (D+ln|b|)
∫
R2
|LHA1,A2{f}(ω)|2dω
(3.7)
Now, we are going to give the Logarithmic uncertainty principle for GQLCT.
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Theorem 3.6 (Logarithmic inequality for GQCLT).
Let ϕ ∈ S(R2,H) a quaternion windowed function and f ∈ S(R2,H), we have the following
logarithmic inequality:
‖ϕ‖2L2(R2,H)
∫
R2
ln|x||f(x)|2dx+
∫
R2
∫
R2
ln|ω||GϕA1,A2{f}(ω, y)|2dωdy ≥ ‖ϕ‖2L2(R2,H)(D+ln|b|)
∫
R2
|f(x)|2dx
(3.8)
Proof. For ϕ, f ∈ S(R2,H) we have by corollary 3.7
∫
R2
|LHA1,A2
−1LHA1,A2{f}(x)|2dx+
∫
R2
ln|ω||LHA1,A2{f}(ω)|2dω ≥ (D+ln|b|)
∫
R2
|LHA1,A2{f}(ω)|2dω
(3.9)
we replace f by f(.)ϕ(. − y) in (3.9) we get
∫
R2
|LHA1,A2
−1{GϕA1,A2{f}(., y)}(x)|2dx+
∫
R2
ln|ω||GϕA1,A2{f}(ω, y)|2dω ≥ (D+ln|b|)
∫
R2
|GϕA1,A2{f}(ω, y)|2dω
(3.10)
Integrating both sides of inequality (3.10) with respect to dy, we obtain
∫
R2
∫
R2
|LHA1,A2
−1{GϕA1,A2{f}(., y)}(x)|2dxdy +
∫
R2
∫
R2
ln|ω||GϕA1,A2{f}(ω, y)|2dωdy ≥
(D + ln|b|)
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|2dωdy (3.11)
Applying the lemma 3.4 into the first term on the left hand side of (3.11), and the Plancherel
formula for the second terms of the left hand side and for right hand side, we obtain our result
‖ϕ‖2L2(R2,H)
∫
R2
ln|x||f(x)|2dx+
∫
R2
∫
R2
ln|ω||GϕA1,A2{f}(ω, y)|2dωdy ≥ ‖ϕ‖2L2(R2,H)(D+ln|b|)
∫
R2
|f(x)|2dx
(3.12)

3.3 Lieb’s inequality
In [17], the authors proved a new inequality in the case of Wigner-Ville distribution, in this
paper, we will prove a version of the Lieb’s theorem for the GQFT.
Lemma 3.7. Let ϕ ∈ Lp(R2,H), f ∈ Lq(R2,H) and p, q ∈ [1,+∞[ with 1p + 1q = 1, we have
‖GϕA1,A2{f}(ω, y)‖∞ ≤
|b1b2|− 12
2pi
‖f‖Lq(R2,H)‖ϕ‖Lp(R2,H) (3.13)
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Proof. We have
|GϕA1,A2{f}(ω, y)| = |
∫
R2
KiA1(x1, ω1)f(x)ϕ(x− y)KjA2(x2, ω2)dx|
≤ |b1b2|
− 1
2
2pi
∫
R2
|f(x)||ϕ(x − y)|dx
Using Hölder inequality we get our result
‖GϕA1,A2{f}(ω, y)‖∞ ≤
|b1b2|− 12
2pi
‖f‖Lq(R2,H)‖ϕ‖Lp(R2,H)

In [19] we have the following Hausdorff-Young inequality for the QLCT,
Theorem 3.8 (Hausdorff-Young inequality).
Let 1 ≤ p ≤ 2 and letting p′ be such that 1p + 1p′ = 1, then, for all f ∈ Lp we have
‖LHA1,A2{f}‖q,p′ ≤
|b1b2|
−1
2
+ 1
p
′
2pi
‖f‖Lp(R2,H) (3.14)
where,
‖LHA1,A2{f}‖q,p′ =
(∫
R2
|LHA1,A2{f}(ω)|p
′
q dω
) 1
p
′
with
|LHA1,A2{f}(ω)|q = |LHA1,A2{f0}(ω)| + |LHA1,A2{f1}(ω)|+ |LHA1,A2{f2}(ω)|+ |LHA1,A2{f3}(ω)|
Now, we give a version of Lieb’s inequality for the GQLCT,
Theorem 3.9 (Lieb’s inequality for GQLCT).
Let 2 ≤ p <∞ and f, ϕ ∈ L2(R2,H). For p′ > 0 with 1p+ 1p′ = 1 there is a positive constant
C such that
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|p
′
dωdy ≤ C |b1b2|
−p
′
2
+1
(2pi)p
′
‖f‖p
′
L2(R2,H)‖ϕ‖p
′
L2(R2,H) (3.15)
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Proof. We have GϕA1,A2{f}(ω, y) = LHA1,A2{f(.)ϕ(. − y)}(ω) by the theorem of Hausdorff-
Young associated with LHA1,A2 in theorem 3.14, we have(∫
R2
|GϕA1,A2{f}(ω, y)|p
′
dω
) 1
p
′
=
(∫
R2
|LHA1,A2{f(.)ϕ(. − y)}(ω)|p
′
dω
) 1
p
′
≤ |b1b2|
−1
2
+ 1
p
′
2pi
‖f(.)ϕ(. − y)‖Lp(R2,H)
=
|b1b2|
−1
2
+ 1
p
′
2pi
(∫
R2
|f(x)ϕ(x− y)|pdx
) 1
p
then, ∫
R2
|GϕA1,A2{f}(ω, y)|p
′
dω ≤ |b1b2|
−p
′
2
+1
(2pi)p
′
(∫
R2
|f(x)ϕ(x− y)|pdx
) p′
p
(3.16)
Integrating both sides of (3.16) with respect to dy, we get
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|p
′
dωdy ≤ |b1b2|
−p
′
2
+1
(2pi)p
′
∫
R2
(|f |p ∗ |ϕ|p(y)|p) p
′
p dy (3.17)
then,
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|p
′
dωdy ≤ |b1b2|
−p
′
2
+1
(2pi)p
′
∫
R2
(∫
R2
|f(x)ϕ(x− y)|pdx
) p′
p
dy
=
|b1b2|
−p
′
2
+1
(2pi)p
′
‖|f |p ∗ |ϕ|p‖
p
′
p
p
′
p
Applying the Young’s inequality [9, 17] to the functions |f |p; |ϕ|p which are element of L 2p (R2,H),
with (s, s, t) = (2p ,
2
p ,
p
′
p ), (
1
s +
1
s = 1 +
1
t ), we obtain
‖|f |p ∗ |ϕ|p‖t ≤ CsCsCt′‖|f |p‖s′‖|ϕ|p‖s = CsCsCt′‖f‖p2‖ϕ‖p2
where Cs = (s
1
s (s
′
)1/s
′
) Ct′ = ((t
′
)1/t
′
t−1/t) and 1s +
1
s′
= 1, 1t +
1
t′
= 1 Therefore
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|p
′
dωdy ≤ |b1b2|
−p
′
2
+1
(2pi)p
′
CsCsCt′ ‖f‖p
′
L2(R2,H)‖ϕ‖p
′
L2(R2,H)
we have the desired result
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|p
′
dωdy ≤ |b1b2|
−p
′
2
+1
(2pi)p
′
(
2
p
′
)1/p′
‖f‖p
′
L2(R2,H)‖ϕ‖p
′
L2(R2,H)

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3.4 Local uncertainty principle
Theorem 3.10. Let ϕ ∈ L2(R2,H) a quaternionic windowed function with ‖ϕ‖L2(R2,H) = 1,
suppose that ‖f‖L2(R2,H) = 1, then for Σ ⊂ R2 × R2 and ε ≥ 0 such that∫ ∫
Σ
|GϕA1,A2{f}(ω, y)|2dωdy ≥ 1− ε
We have |b1b2| 12 2pi(1− ε) ≤ m(Σ).
with m(Σ) is the Lebesgue measure of Σ.
Proof. For f ∈ L2(R2,H) we have by the lemma 3.13
‖GϕA1,A2{f}(ω, y)‖L∞(R2,H) ≤
|b1b2|− 12
2pi
‖f‖Lq(R2,H)‖ϕ‖Lp(R2,H)
From the relation above, we get
1− ε ≤
∫ ∫
Σ
|GϕA1,A2{f}(ω, y)|2dωdy ≤ ‖G
ϕ
A1,A2
{f}‖L∞(R2,H)m(Σ)
≤ |b1b2|
− 1
2
2pi
m(Σ)‖f‖Lq(R2,H)‖ϕ‖Lp(R2,H)
=
|b1b2|− 12
2pi
m(Σ)
then,
|b1b2|
1
22pi(1 − ε) ≤ m(Σ)

Theorem 3.11. Let Σ ⊂ R2 × R̂2 such that 0 < m(Σ) < 1. Then for all f, ϕ ∈ L2(R2,H)
‖f‖L2(R2,H)‖ϕ‖L2(R2,H) ≤
1√
1−m(Σ)‖G
ϕ
A1,A2
{f}‖L2(Σc,H) (3.18)
Proof. For every function f ∈ L2(R2,H), and by the Plancherel equality (2.10) we have,
‖GϕA1,A2{f}‖2L2(R2×R2,H) =
∫
R2
∫
R2
|GϕA1,A2{f}(ω, y)|2dωdy
=
∫ ∫
Σ
|GϕA1,A2{f}(ω, y)|2dωdy+ ∈
∫
Σc
|GϕA1,A2{f}(ω, y)|2dωdy
≤ m(Σ)‖ϕ‖2L2(R2,H)‖f‖2L2(R2,H) + ‖GϕA1,A2{f}‖Σc,H
Then,
‖GϕA1,A2{f}‖2Σc,H) ≥ ‖G
ϕ
A1,A2
{f}‖2L2(R2×R2,H) −m(Σ)‖ϕ‖2L2(R2,H)‖f‖2L2(R2,H)
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Using the Plancherel formula (2.10), we get
‖f‖L2(R2,H)‖ϕ‖L2(R2,H) ≤
1√
1−m(Σ)‖G
ϕ
A1,A2
{f}‖L2(Σc,H)

Remark 3.12. This shows that for a non zero function f , if the Gabor QLCT GϕA1,A2{f} is
concentrated on a set Σ of volume such that, 0 < m(Σ) < 1 then f ≡ 0 or ϕ ≡ 0.
Theorem 3.13. Let s > 0. Then there exists a constant Cs > 0 such that, for f, ϕ ∈
L2(R2,H)
‖f‖L2(R2,H)‖ϕ‖L2(R2,H) ≤ Cs
(∫ ∫
R2×R2
|(ω, y)|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
2
(3.19)
Proof. Let 0 < r ≤ 1 be a real number and Br = {(ω, y) ∈ R2 × R2 : |(ω, y)| < r} the ball
of center 0 and radius r in R2 × R2. Fix 0 < r0 ≤ 1 small enough such that m(Br0) < 1.
Therefore by inequality (3.18) we obtain
‖f‖L2(R2,H)‖ϕ‖L2(R2,H) ≤
1
rs0
√
1−m(Br0)
(∫ ∫
|(ω,y)|>r0
r2s0 |GϕA1,A2{f}(ω, y)|2dωdy
) 1
2
≤ 1
rs0
√
1−m(Br0)
(∫ ∫
|(ω,y)|>r0
|(ω, y)|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
2
≤ 1
rs0
√
1−m(Br0)
(∫ ∫
R2×R2
|(ω, y)|2s|GϕA1,A2{f}(ω, y)|2dωdy
) 1
2
We obtain the desired result by taking Cs = r
s
0
√
1−m(Br0) 
References
[1] T. Alieva and Martin J. Bastiaans,Powers of transfer matrices determined by means of eigenfunctions, J.
Opt. Soc. Am. A 16 (1999), 2413-2418
[2] M.J. Bastiaans, Gabor’s expansion of a signal into Gaussian elementary signals.Proc. IEEE, 68 (1980),
594-598
[3] M. Benedicks, On Fourier transforms of function supported on sets of finite Lebesgue measure, J. Math.
Anal., App., 106(1985), 180-183.
[4] S.A. Collins, Lens-system diffraction integral written in terms of matrix optics, J. Opt. Soc. Am. 60 (1970)
1168-1177.
[5] D.L. Donoho and P.B. Stark, Uncertainty principles and signal recovery, SIAM J. Appl. Math., 49 (1989),
906-931.
14 M. EL KASSIMI AND S. FAHLAOUI
[6] M. El kassimi and S. Fahlaoui, The two-sided Gabor Quaternionic Fourier transform and uncertainty
principles, Applied and Numerical Harmonic Analysis (In press).
[7] H. Feichtinger and T. Srohmer, Gabor Analysis and Algorithms.(1998) Birkhauser, Boston, MA.
[8] D. Gabor, Theory of communications, J. Inst. Electr. Eng. London (1946), 93, 429-457.
[9] K. Gröchenig, Foundations of Time-Frequency Analysis.(2001) Birkhäuser, Boston, MA.
[10] E. Hitzer , New Developments in Clifford Fourier Transforms, Adv. in Appl. and Pure Math., Proc. of
the 2014 Int. Conf. on Pure Math., Appl. Math., Comp. Methods (PMAMCM 2014), Santorini, Greece,
July 2014, Math. Comp. in Sci. and Eng., Vol. 29.
[11] J. Healy, M. Alper KutayHaldun, M. OzaktasJohn, T. Sheridan,Linear Canonical Transforms Theory and
Applications, Springer, New York, 2016.
[12] G.H. Hardy, A theorem concerning Fourier transform, J. London Math. Soc., 8 (1933), 227-231.
[13] W. Heisenberg, Über den anschaulichen Inhalt der quantentheoretischen Kinematic und Mechanik, Zeit.
Physik. 43 (1927), p. 172; The Physical Principles of the Quantum Theory, Dover, New York, 1949 (The
University of Chicago Press, 1930).
[14] K.L. Kou, J. Ou and J. Morais On certainty principle for quaternionic linear canonical transform . Abstr.
App. Anal 2013 (1), 24-121.
[15] K. I. Kou, J. Morais and Y. Zhang, Generalized prolate spheroidal wave functions for offset linear canonical
transform in clifford analysis, Mathematical Methods in the Applied Sciences 36 (9) (2013), pp. 1028-1041.
doi:10.1002/mma.2657.
[16] K. I. Kou and J. Morais, Asymptotic behaviour of the quaternion linear canonical transform and the
Bochner-Minlos theorem, Applied Mathematics and Computation, vol. 247, no. 15, pp. 675-688, 2014.
[17] E.H. Lieb,Integral bounds for radar ambiguity functions and Wigner distributions. Journal of Mathematical
Physics 1990; 31(3):594-599.
[18] M. Bahri and A. Ryuichi , Logarithmic uncertainty principle for Quaternionic linear canonical transform,
2016 International Conference on Wavelet Analysis and Pattern Recognition (ICWAPR)140-145.
[19] M. Bahri, R. Resnawati and S. Musdalifah, A Version of Uncertainty Principle for Quaternion Linear
Canonical Transform,Abstract and Applied Analysis, vol. 2018, Article ID 8732457, 7 pages, 2018.
[20] G.W. Morgan, A note on Fourier transforms, J. London Math. Soc., 9 (1934), 188-192.
[21] M. Moshinsky and C. Quesne, Linear canonical transforms and their unitary representations, J. Math.
Phys. 12 (1971) 1772-1783.
[22] H.M. Ozaktas, M.A. Kutay and Z. Zalevsky, The Fractional Fourier Transform with Applications in Optics
and Signal Processing, Wiley, New York, 2000.
[23] S.C. Pei and J.J. Ding, Eigenfunctions of the offset Fourier, fractional Fourier, and linear canonical
transforms, J. Opt. Soc. Am. A 20 (2003), 522-532.
[24] J.F. Price, Inequalities and local uncertainty principles, Journal of Mathematical Physics 24, 1711 (1983).
[25] D. Slepian and H. O. Pollak, Prolate spheroidal wave functions, Fourier analysis and uncertainty I, Bell.
Syst. Tech. J., 40(1961), 43-63.
UNCERTAINTY PRINCIPLES FOR THE CONTINUOUS GABOR QUATERNION LINEAR CANONICAL TRANSFORM15
[26] Wilczok and Elke, New Uncertainty Principles for the Continuous Gabor Transform and the Continuous
Wavelet Transform, Documenta Mathematica, Vol 5, (2000).
[27] F. Yingxiong and L. Luoqing ,Generalized analytic signal associated with linear canonical transform,Optics
Communications,Volume 281, Issue 6,2008,Pages 1468-1472,
Department of Mathematics and Computer Sciences, Faculty of Sciences,
Equipe d’Analyse Harmonique et Probabilités, University Moulay Ismaïl,
BP 11201 Zitoune, Meknès, Morocco
Mohammed El kassimi
E-mail address: m.elkassimi@edu.umi.ac.ma
Saïd Fahlaoui
E-mail address: s.fahlaoui@fs.umi.ac.ma
